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hungsseminar über Fontaine-Ouyang: ℓ-adi
 Galois

representations (Hélène Esnault)

1. Profinite topology

1.1. K �eld, Ks ⊃ K separable 
losure, then GK = Gal(Ks/K) =
Aut(Ks/K) = lim

←−L
Aut(L/K), where L/K �nite Galois. By de�nition,

pro�nite. It indu
es a topology on GK : 
oarsest topology for whi
h

surje
tive morphisms G ։ H, with H �nite with dis
rete topology,

are 
ontinuous. Thus fundamental system of open neighbourhoods of

1 
onsists of the Ker(G ։ H, H) �nite. Thus G = ⊔Hπ−1(h), with

π−1h
homeo
−−−→ π−1(1), this Ker normal subgroup whi
h is both 
losed and

open. Further, G 
ompa
t.

1.2. Assume E topologi
al �eld, e.g. E is a �nite extension of Qℓ.

Zℓ = lim
←−n

Z/ℓn is a pro�nite (abelian) group, thus has the pro�nite

topology. It indu
es topology on Qℓ where a fundamental system of

open neighbourhoods of 0 
onsists of the ℓnZℓ. This topology is 
om-

patible with the multipli
ation on Qℓ, thus Qℓ topologi
al �eld, and

E/Qℓ �nite inherits a topology: a fundamental system of neighbour-

hoods of 0 is ℓnR where R ⊂ E is the ring of integers.

1.3. V �nite dimensional ve
tor spa
e over E �nite over Qℓ: topolog-

i
al ve
tor spa
e, where for any basis vi, the topology is the produ
t

topology via V ∼=E ⊕E · vi. A fundamental system of open neighbour-

hoods of 0 
onsists of latti
es, i.e. L ⊂ V R-submodule of �nite type

with L⊗R E = V . In fa
t, 
hoosing vi, the latti
es ⊕ℓnR · vi for all n
is also a system of fundamental neighbourhoods of 0.

1.4. EndR(V ) ∼= V ∨⊗E V as a E-ve
tor spa
e inherits the topology of

this ve
tor spa
e. AutE(V ) ⊂ EndE(V ) is de�ned by det 6= 0, thus is an
open. A fundamental system of open neighbourhoods of 0 in End(V )

onsists then of the L∨

1 ⊗R L2, i.e. of the f : V → V with f(L1) ⊂ L2

for two given latti
es. Thus a fundamental system of neighbourhoods

of 1 in Aut(V ) 
onsists of the U(L1 ⊂ L2) := {f : V → V with f ∈
Aut(V ), f(L1) ⊂ L2} for two given latti
es Li and with L1 ⊂ L2 (as 1
has to be in this neighbourhood).

De�nition 1. A representation GK → AutE(V ) is 
ontinuous if it is


ontinuous for the pro�nite topology on both sides. It is 
alled an ℓ-adi

representation.
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Proposition 2. Let ρ : GK → AutE(V ) be a representation. Then ρ
is an ℓ-adi
 representation (i.e. is 
ontinuous) if and only there is a

latti
e L ⊂ V with a fa
torization

GK

∃ ))R

R

R

R

R

R

R

R

R

R

R

R

R

R

R

R

ρ // AutE(V )

AutR(L) = lim
←−n

AutR(L/ℓn)

OO

Proof. Assume ρ is 
ontinuous. Choose a latti
e L0 ⊂ V , then

ρ−1U(L0 ⊂ L0) = {g ∈ GK , ρ(g)(L0) ⊂ L0}

is then an open subgroup, i.e. it 
ontains a normal open subgroup,

thus the set of residue 
lasses G/ρ−1U(L0 ⊂ L0) is �nite, thus

ρ(G)(L0) = (ρ(G)/ρ−1U(L0 ⊂ L0))(L0)

is a latti
e as well, and is invariant under G. The 
onverse is obvious.

�

2. Finite fields

K = Fq �nite �eld.

2.1. Abstra
t ℓ-adi
 representation.

De�nition 3. Geometri
 Frobenius τK ∈ GK , λ 7→ λ
1

q . So GK = Ẑ·τK.

Lemma 4. ρ : GK → AutE(V ) ℓ-adi
 representation, then by ρ
uniquely determined by ρ(τK) = u ∈ AutE(V ). Then for a u ∈
AutE(V ), there is an ℓ-adi
 representation ρ with ρ(τK) = u if and

only if the eigenvalues of u in Q̄ℓ ⊃ E are ℓ-adi
 units, i.e. in S× for

S ⊃ R a �nite extension.

Proof. The statement is equivalent to saying that u has to stabilize a

latti
e. �

De�nition 5. Pρ(t) = det(1 − τK · t) ∈ Z̄ℓ[t] is the 
hara
teristi


polynomial of ρ.

2.2. Weil 
onje
tures. X/K variety. As

H i(X̄, Qℓ) := lim
←−

n

H i(X̄, Zℓ/n)⊗Zℓ
Qℓ

and G a
ts on H i(X̄, Zℓ/ℓ
n), Proposition 2 implies that the a
tion of G


oming from the geometri
 Frobenius on X̄ is an ℓ-adi
 representation.
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De�nition 6. 1) Geometri
 Frobenius: F : X → X whi
h is the

identity on the topologi
al spa
e and is the morphism f 7→ f q

on OX . Indu
es the geometri
 Frobenius F : “ =′′ F ⊗ 1 on

X ⊗ K̄.

2) Arithmeti
 Frobenius: FK : Spec K̄ → Spec K̄ indu
ed from

K̄ → K̄, λ 7→ λq.

3) Absolute Frobenius:

X̄

Fabs

%%

$$H

H

H

H

H

H

H

H

H

H

F // X̄ ⊗FK
K̄

��

FK // X̄

��

Spec K̄
FK // Spec K̄

with Fabs : OX̄ → OX̄ , f 7→ f q. Thus Fabs = Id on any 
oho-

mology whi
h depends only on the underlying topologi
al spa
e.

Lemma 7. F = F−1
K on H i(X̄, Qℓ).

De�nition 8. Zeta fun
tion: ZX(t) = exp
(
∑∞

1
|X(Fqn )|

n
tn

)

∈ Z[[t]].

Theorem 9. 1) Grothendie
k-Lefs
hetz tra
e formula: ZX(t) =
∏

Pi(t)
(−1)i+1

, with Pi(t) = det(1− Ft|H i
c(X̄, Qℓ)). In parti
u-

lar, ZX(t) ∈ Qℓ(t).
2) Deligne's algebrai
ity and integrality: Pi ∈ Z̄[t] (usually not

expressed, e.g. in [FO℄).

3) 1) with X smooth: fun
tional equation 
oming from Poin
aré

duality.

4 Deligne's purity: if X is smooth, then Pi(t) is pure of weight

i, i.e. ∀λ eigenvalue of F on H i(X̄, Qℓ), for all Q(λ) ⊂ C,

|λ| = q
i
2 .

De�nition 10. Algebrai
 numbers λ su
h that for all Q(λ) ⊂ C, |λ| =

q
∃i
2 are 
alled Weil numbers.

2.3. Some Tannaka 
ategories. Has RepQℓ
(GK) the ℓ-adi
 repre-

sentations with E = Qℓ. One de�nes RepQℓ,GEO(GK) to be the full

sub
ategory spanned subquotients of tensor produ
ts of H i(X̄, Qℓ) and
its dual for some X proje
tive smooth. By Deligne's purity, H i(X̄, Qℓ)
is pure. But we do not know that τK-a
ts semisimply on H i(X̄, Qℓ).
It is 
alled the semi-simpli
ity 
onje
ture. If τK a
ted semi-simply on

H i(X̄, Qℓ), then any obje
t in RepQℓ,GEO(GK) would be a �nite dire
t

sum of irredu
ible obje
ts, ea
h of whi
h of a spe
i�
 weight. The
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analog of the semi-simpli
ity 
onje
ture in geometry is known, due to

Deligne (Hodge II), and 
alled Théorème de semi-simpli
ité: we �x S
a smooth variety over C, and 
onsider the 
ategory C of polarizable

Q-variations of Hodge stru
tures on some non-trivial open U ⊂ S, de-
�nable over Z. As a 
ategory, it is Tannaka and semi-simple, due to

the polarization. Inside, one 
an 
onsider the full sub
ategory CGEO

spanned by subquotients of Gauÿ-Manin systems of smooth proje
tive

morphisms f : X → S. Then Deligne's theorem asserts that πtop
1 (U, u)

a
ts semi-simply on H i(Xu, Z).

3. Two further key examples

3.1. Tate module of Gm. Any K.

Tℓ(Gm) = lim
←−

n

µℓn(Ks)

with transition fun
tions ξn+1 ∈ µℓn+1(Ks) 7→ ξn = ξℓ
n+1 ∈ µℓn(Ks). If


har. K = ℓ, then 
onstant prosystem = 1. If 
har. K 6= ℓ, then by


hoosing ξn 6= 1 de�nes t := lim
←−n

ξn ∈ Tℓ(Gm) and Tℓ(Gm) = Zℓ · t, i.e.

for λ = (λn) ∈ lim
←−n

Z/ℓn, λ ·t = (ξλn
n ). De�ne Vℓ(Gm) := Tℓ(Gm)⊗Q =

Qℓ · t. Then G a
ts on Vℓ(Gm) via g(t) = χ(g) · t, χ(g) ∈ Z×
ℓ thus via a


hara
ter χ : G→ Z×
ℓ 
alled the 
y
lotomi
 
hara
ter. As G 
ompa
t,

Im(χ) ⊂ Z×
ℓ 
losed subgroup. K = Qℓ, a fortiori K = Q, then χ

surje
tive.

3.2. Tate module of an ellipti
 
urve E. Any K of 
har. 6= 2, 3.

Tℓ(E) = lim
←−

n

E(Ks)[ℓn]

with transition fun
tions pn+1 ∈ E(Ks)[ℓn+1] 7→ pn = ℓ · pn+1 ∈
E(Ks)[ℓn]. If ℓ 6= charK, then E(Ks)[ℓn] ∼=Z/ℓn ⊕2

1Z/ℓn. if ℓ = char.K,

then either E(Ks)[ℓn] ∼= Z/ℓn if E is ordinary, or E(Ks)[ℓn] = {0} if E
is supersingular. One sets Vℓ(E) = Tℓ(E)⊗Q.

4. Lo
al fields of residue 
hara
teristi
 p 6= ℓ

K lo
al �eld of perfe
t residue �eld k of 
har. p > 0. Then K ⊂
Kur ⊂ Ks with K ⊂ Kur maximal unrami�ed extension. Yields the

presentation

0→ IK → GK → Gk → 0
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with IK :=inertia. Has

Zℓ(1)
= // Zℓ(1)

1 // PK
// IK

�

OO

// Ẑ′(1) :=
∏

ℓ6=p Zℓ(1)

OO

// 1

1 // PK

=

OO

// PK,ℓ
//

inj

OO

ˆ∏
ℓ′ 6=ℓ,ℓ′ 6=pZℓ′(1) //

inj

OO

1

where PK :=wild inertia is the pro-p subgroup of IK . It de�nes

0→ PK,ℓ → GK → GK,ℓ → 0

and

1→ Zℓ(1)→ GK,ℓ → Gk → 1

For ρ : GK → AutE(L) ⊂ AutE(V ) an ℓ-adi
 representation, N1 =
Ker(AutE(L)→ AutE(L/ℓ)) is a pro-ℓ-group. As ρ(PK,ℓ) is a pro�nite

group, with all �nite quotients of order prime to ℓ, has

ρ(PK,ℓ)
inj
−→ AutR(L/ℓ).

So

Lemma 11. There is a �nite extension K ′ ⊃ K su
h that ρ restri
ted

to GK′ ⊂ GK fa
tors through GK′,ℓ.

De�nition 12. 1) ρ unrami�ed or has good redu
tion if ρ fa
tors

through Gk.

2) ρ has potentially good redu
tion if ρ(IK) is �nite, i.e. if ∃K ′ ⊃
K �nite su
h that ρ restri
ted to GK′ has good redu
tion.

3) ρ is semi-stable if IK a
ts unipotently, i.e. if semi-simpli�
ation

has good redu
tion.

4) ρ is potentially semi-stable if true after a �nite extension K ′ ⊃
K.

Remark 13. Note notation 
omes from geometry: if X/K has a semi-

stable model X → Spec R, R ring of integers in K, then ℓ-adi
 represen-
tation on étale 
ohomology is semi-stable. So if one had a semi-stable

redu
tion, every su
h representation would be potentially semi-stable.

Theorem 14 (Grothendie
k). Assume µℓ∞(K) is �nite. Then any ℓ-
adi
 representation is potentially semi-stable. It applies if k is �nite,

as µℓ∞(K) = µℓ∞(k) by Hensel's lemma.
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Proof. May assume, after repla
ing K by K ′ ⊃ K �nite and Qℓ by E ⊃
Qℓ �nite, ρ : GK,ℓ → AutR(L) and eigenvalues of ρ(t) with Zℓ(1) = Zℓ ·t
lies in R×. Write

ρ(t)(v) = a · v

for some a ∈ R×, v 6= 0. Furthermore, as Zℓ(1) is a GK,ℓ representation

via 
onjugation, has

gtg−1 = tχℓ(g) for some character χℓ : GK,ℓ → Z×
ℓ

so

ρ(gtg−1)(v) = ρ(tχℓ(g))(v)

i.e.

ρ(t)(ρ(g−1)(v)) = aχℓ(g) · ρ(g−1)(v).

So if a is an eigenvalue of ρ(t), so is aχℓ(g) for all g ∈ GK,ℓ. On the

other hand

µℓ∞(K) finite =⇒ Im(χℓ) ⊂ Z×
ℓ infinite.

Sin
e V is �nite dimensional, a has to be a root of 1. Thus ρ(t) is

quasi-unipotent. �

Corollary 15 (Grothendie
k's monodromy theorem). Let K be a lo
al

�eld. Then any ℓ-adi
 representation 
oming from algebrai
 geometry

is potentially semi-stable.

Proof. An algebrai
 variety X is de�ned over a �eld of �nite type K0 ⊂
K over the prime �eld Q or Fp. Then its 
losure K0 ⊂ K1 ⊂ K in K
is a 
omplete dis
rete valuation �eld with residue �eld k1 of �nite type

over Fp. Take perfe
t 
losure k2 of k1, and K2 with residue �eld k2


ontaining K0. Then µℓ∞(K2) = µℓ∞(k2) is �nite. �

Theorem 16. Assume k = k̄. Then any potentially semi-stable ℓ-adi

representation of GK 
omes from geometry.

Proof. Has GK = IK .

I: Assume ρ semi-stable. Then, sin
e the a
tion of PK,ℓ is �nite, GK

a
ts through Zℓ(1). So V is a dire
t sum of Jordan blo
ks. Sin
e a

rank n Jordan blo
k is Symn(V2) where V2 is a rank 2 Jordan blo
k,

enough to do a rank 2 Jordan blo
k.

Let E be an ellipti
 
urve over K su
h that

E(Ks) ∼= (Ks)×/πZ,
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where mK ⊂ K is the maximal ideal, and π is a uniformizer, i.e. a

generator of mK . Write

E(Ks)[ℓn] = {a ∈ (Ks)×, ∃m, aℓn

= πm}/πℓn

,

whi
h yields

0→ µℓn(K)→ E(Ks)[ℓn]→ Z/ℓn → 0

a 7→ m mod ℓn.

Then

α = (αn) ∈ Tℓ(E), αn ∈ E(Ks)[ℓn], αℓ
n+1 = αn

yields

0→ Zℓ(1)→ Tℓ(E)→ Zℓ → 0

and thus

0→ Qℓ(1)→ Vℓ(E)→ Qℓ → 0.

II: Assume ρ potentially semi-stable. Then ρ restri
ted to GK′ , K ′ ⊃ K
�nite is semi-stable. let A be the Weil restri
tion of E/K ′. Then

Vℓ(A) = IndK′

K Vℓ(E) and it does it. �


