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1 B-representations

Let G be a topological group and B a topological commutative ring with continous
G-action, i.e. for all g P G, b1, b2 P B we have gpb1 � b2q � gpb1q � gpb2q and gpb1 � b2q �
gpb1q � gpb2q.

Example 1.1 B � L � K a Galois extention of fields, G � GalpL{Kq.

Definition 1.2 A B-representation X of G is a B-modul of finite type X equipped with
a semi-linear continous G-action. Semi-linear means that for all g P G, b P B, x, x1, x2 P
X we have gpx1 � x2q � gpx1q � gpx2q and gpbxq � gpbqgpxq.

If B � Fp, we call it a mod-p-representation.
If B � Qp, we call it a p-adic representation.
If G acts trivial on B, we call it a linear representation.

Definition 1.3 A B-representation X of G is called free if the underlying B-modul X
is free.

Definition 1.4 A free B-representation X of G is called trivial if one of the equivalent
conditions hold:

(a) There is a Basis of X over B in XG.
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(b) X � Bd as G-modules with the natural G-action on Bd.

Let us look at three key examples:

Example 1.5 If F � BG is a subfield, and V an F -representation of G and let G act
on X :� B bF V as gpb b xq � gpbq b gpxq. Then X is a free B-representation (free,
since V was just a vector space over F ).

Example 1.6 Let Zpp1q � TppGm{Qpq � lim
ÐÝ

µpnpQpq be the p-adic Tate-module of the

multiplicative group and Qpp1q � Zpp1q bZp Qp. Set Qpp�1q � HomGQp
pQpp1q, Qpq

where GQp denotes the absolute Galois group of Qp and define Qppiq � Qpp1qbi for all

i P Z. Then the Qppiq are GQp-modules. It is a result of Tate that with B :� Q̂p �:
Cp �: C the obtained B-representations Qppiq bQp B are trivial if and only if i � 0. In
later talks of the seminar we will construct a ring BdR such that QppiqbQp BdR is trivial
for all i.

Example 1.7 Let E{Qp be an elliptic curve and set Vp � TppE{Qpq b Qp. Then
Vp bQp BdR is trivial. In yet later talks we will construct a subring Bcris of BdR such
that Vp bQp Bcris is trivial if E has good reduction.

Our first goal is an interpretation of equivalence classes of free B-representations of G
of rank d as cohomology classes in H1

contpG, GLdpBqq, where two free B-representations
are equivalent if they only differ by a change of basis.
Before we give the proposition we recall some facts about group cohomology: Let M
be any (multiplicativly written) topological G-group. Then H0

contpG, Mq � MG and
H1

contpG, Mq � Z1pG, Mq{ � where Z1pG, Mq � tf : G Ñ M continous | fpg1 � g2q �
fpg1q � pg1fpg2qqu and f1 � f2 if there is an a P M such that f1pgq � a�1f2pgqapgq for
all g P G.
Thus H1

contpG, Mq is a pointet set with the distinguished point being the class of the
cocylce fpgq � 1.
We recall the famous theorem Hilbert 90:

Proposition 1.8 Let L{K be a Galois extention of fields. Then

(a) H1pGalpL{Kq, Lq � 0

(b) H1pGalpL{Kq, L�q � 1

(c) H1pGalpL{Kq,GLdpLqq � 1

Now we can formulate the proposition:

Proposition 1.9 There is a natural bijection between equivalence classes of free B-
representations of G of rank d and H1

contpG, GLdpBqq, denoted by X ÞÑ rXs. Moreover
X is trivial if and only if rXs is the distinguished point of H1

contpG, GLdpBqq.

Remark 1.10 The proposition and Hilbert 90 imply that for L{K a Galois extention
any L-representation of GalpL{Kq is trivial.

Proof: Let X be a free B-representation of G of rank d and te1, . . . , edu a basis of X{B.
Write gpe1, . . . , edq � pe, . . . edqApgq. Then we get a map α : G Ñ MatdpBq, g ÞÑ Apgq.
We have to check the following for claims:
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(a) α P Z1
contpG, MatdpBqq

(b) Apgq P GLdpBq for all g P G

(c) If te11, . . . , e
1
du is another basis of X{B and P is the basechange matrix, define

A1pgq as above, then A1pgq � P�1ApgqgpP q.

(d) Given α P Z1
contpG, GLdpBqq there is a unique semi-linear action of G on X � Bd

such that rXs � ᾱ.

These claims are all easy to check.

2 Regular pF, Gq-rings

Assume now E :� BG is a field and let F be a closed subfield of E. Denote by RepF pGq
the category of F -representations of G. If B is a domain, then the G-action on B extends
to C :� FracpBq as gp b1

b2
q :� gpb1q

gpb2q
.

Definition 2.1 B is pF,Gq-regular, if

(a) B is a domain.

(b) BG � CG.

(c) If b � 0 and Gb � Fb we have b P B�.

As Hélène explained, RepF pGq is a neutral Tannakian category.

Definition 2.2 A sub-Tannakin category of RepF pGq is a strictly full subcategory C
wich is closed under direct sums, tensor products and duals and contains the unit rep-
resentation.

Definition 2.3 An F -representation V of G is called B-admissible, if BbF V is trivial.
Let RepB

F pGq denote the full subcategory of B-admissible F -representations of G.

We define a functor RepF pGq Ñ VecE : V ÞÑ DBpV q :� pB bF V qG and for each V a
map αV : B bE DBpBq Ñ B bF V : λb x ÞÑ λx for λ P B, x P DBpV q. αV is a B-linear
G-equivariant map, where G acts on B bE DBpV q as gpλb xq � gpλq b x.
This functor maps objects, wich are hard to understand (F -representations of G) to
objects, wich are easy to understand (vector spaces over the field E). The next theorem
is the main theorem of my talk, wich showes some properties of this functor, once we
have assume B to be pF,Gq-regular.

Theorem 2.4 Assume B to be pF,Gq-regular. Then

(1) For all V P RepF pGq we have αV is injective and dimE DBpV q ¤ dimF pV q.
Moreover dimE DBpV q � dimF pV q iff αV is an isomorphism iff V is B-admissible.

(2) RepB
F pGq is a sub-Tannakian category and DB restricted to RepB

F pGq is an exact
and faithfull tensor functor.

For the second part, we have to show:
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(a) DB preserves exact sequences.

(b) V � 0 implies DBpV q � 0 (this is clear)

(c) If V is admissible, then subs and quotiens of V are also admissible.

(d) DBpF q � E (this is clear)

(e) If V1, V2 are admissible, then V1 b V2 is admissible and
DBpV1q bDBpV2q � DBpV1 b V2q.

(f) If V is admissible, then V � is admissible and DBpV
�q � pDBpV qq

�.

Proof: (1) First we proof that αV is injective: Let C � FracpBq. Since B is pF,Gq-
regular, we have CG � BG � E. So we have the commutative diagram:

B bE DBpV q� _

��

αV // B bF V� _

��

B bE DCpV q� _

��
C bE DCpV q

αV // C bF V

and hence for the injectivity we can restrict to the case B � C a field. What we have
to show is that given h ¥ 1, x1, . . . , xh P DBpV q linear independent over E they remain
linear independet over B. We use induction. For h � 1 there is nothing to show. So let
h ¥ 2 and assume

ḩ

i�1

λixi � 0, λi P B.

Since B is a field, we can assume λh � �1, so

xh �
h�1̧

i�1

λixi.

But since all xi are G-invariant, we have for all g P G:

h�1̧

i�1

λixi � xh � gpxhq � gp
h�1̧

i�1

λixiq �
h�1̧

i�1

gpλiqxi.

So by induction we have λi � gpλiq for all g P G hence λi P BG � E, wich is a
contradiction. Therefore αV is injective.

For the second assertion of (1): If αV is an isomorphism, then dimE DBpV q � dimF V �
rankB B bF V . Conversly, if dimE DBpBq � dimF pV q, we choose bases tv1, . . . , vdu of
V {F and te1, . . . , edu of DBpV q{E and write

ej �
ḑ

i�1

bijvi.

The matrix pbijq is called period matrix, since αV is injective, we have b � detppbijqq � 0.
We have to show that b is in B�. Let det V �

�d
F V � Fv with v � v1 ^ � � � ^ vd and
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gpvq � ηpgqv with η : G Ñ F � a character. For e � e1 ^ � � � ^ ed P
�d

E DBpV q we have
e � bv.
But also for all g P G: bv � e � gpeq � gpbvq � gpbqηpgqv. Therefore gpbq � ηpgq�1b for
all g P G. Since B is pF,Gq-regular, we have b P B�.
For the second equivalence: V is B-admissible is by definition equivalent to the existence
of a B-basis tx1, . . . , xdu od B bF V such that xi P DBpV q, therefore this is equivalent
to αV being surjective. Since αV is always injective, this is equivalent to αV being an
isomorphism.

(2) Let V be admissible and V 1 a sub-representation. Then we obtain an exact sequence
of F -vectorspaces:

0 Ñ V 1 Ñ V Ñ V 2 :� V {V 1 Ñ 0

tensoring with B gives the exact sequence:

0 Ñ B bF V 1 Ñ B bF V Ñ B bF V 2 Ñ 0

and since taking G-invariance is an left-exact functor, we obtain:

0 Ñ DBpV
1q Ñ DBpV q Ñ DBpV

2q

and we have to show, that the map from DBpV q to DBpV
2q is also surjective. Let

d � dimF V, d1 � dimF V 1, d2 � dimF V 2. Then from (1) we have, since V is admissible
dimE DBpV q � d and dimE DBpV

1q ¤ d1 and dimE DBpV
2q ¤ d2 but since d � d1 � d2,

this implies that the map from DBpV q to DBpV
2q is also surjective. Hence we prooved

(a) and (c).

For (d) we have the commutative diagramm:

pB bF V1q b pB bF V2q
Σ

B bF pV1 bF V2q

DBpV1q bE DBpV2q
?�

OO

σ // DBpV1 bF V2q
?�

OO

σ is induced by Σ and is therefore clearly injective. But since V1 and V2 are admissible,
we have dimEpDBpV1q bE DBpV2qq � dimBpB bF pV1 bF V2qq ¥ dimE DBpV1 bF V2q,
hence σ is an isomorphism.
For (e) we have to show that if V is admissible, so is V �. The case dimF V � 1 is easy:
If V � Fv, then DBpV q � Epbb vq, V � � Fv�, DBpV

�q � Epb�1 b v�q. If dimF V ¥ 1:
We observed in the proof of (1) that detpαV �q � αdet V � . Hence V admissible ñ det V
admissible ñ det V � admissible ñ V � admissible.
Finally we have to proof DBpV

�q � DBpV q
�. We have a commutative diagramm:

B bF V � � // pB bF V q�

DBpV
�q

?�

OO

τ // DBpV q
�

?�

OO
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Let f P DBpV
�q, t P B bF V, g P G. Then fptq � g � fptq � gpfpg�1ptqqq. If we

assume t P DBpV q, then gpfptqq � fptq, hence fptq P E. Therefor we get the induced
homomorphism τ . From the diagramm τ is clearly injective. But since the dimensions
of DBpV q and DBpV

�q are equal, τ is an isomorphism.

3 Potentially semi-stable l-adic representations

We try now to give an alternative description of potentially semi-stable l-adic represen-
tations. This part is quite sketchy.
For E{C an elliptic curve, you can find a q P C� with |q|   1 such that EpCq � C�{qZ.
For K a local field with residue characteristic p ¡ 0 and E{K an elliptic curve with
multiplicative reduction, a result of Tate shows that EpKsepq � pKsepq�{qZ for some
q P mK the maximal ideal of OK . Hence Eln�torspK

sepq �  ζln , q
1
ln ¡ where GK �

GalpKsep{Kq acts on ζln via a cyclotomic character χcycl and on q
1
ln as σpq

1
ln q � q

1
ln ζiσ

ln .

Therefore GK acts on TlpEq via
�

χcycl �
0 1



. Set V :� TlpEqp�1q bZl

Ql. We have

0 Ñ Ql Ñ V Ñ Qlp�1q Ñ 1

and GK acts on V via
�

1 �

0 χ�1
cycl



. Write Qlp�1q � Qlt

�1 and let u P V be any lift of

t�1 and define Bl :� Qlrus where we let GK act on 1, u, u2, . . . via
�
�������

1 � � � . . .

0 χ�1
cycl � � . . .

0 0 χ�2
cycl � . . .

0 0 0 χ�3
cycl . . .

...
...

...
...

. . .

�
������


and we have a map N : Bl Ñ Blp�1q :� Bl bQlp�1q : gpuq ÞÑ g1puq b t�1.
Our aim is the description of potentially semi-stable l-adic representation. We want to
give a functor

RepQl
pGKq Ñ RepKpWDq

where RepKpWDq is the category of Weil-Deligne-Representations. The objects of
RepKpWDq are pairs pD,Nq where D is a Ql-vectorspace with action of GK such
that IK acts trivial after a finite extention and N : D Ñ Dp�1q is a nilpotent endo-
morphism. The morphisms of RepKpWDq between pD,Nq and pD1, N 1q are Ql-linear
endomorphisms η : D Ñ D1, who commute with GK and such that the diagramm

D
η //

N

��

D1

N 1

��
Dp�1q

ηp�1q // D1p�1q

commutes.
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Theorem 3.1 The map
V ÞÑ lim

ÐH�IKopen
pBl bQl

V qH

defines an equivalence of categories

Repp.st.
Ql

pGKq Ñ RepKpWDq

between the category of potentially semi-stable Ql-representations of GK and the category
of Weil-Deligne-representations over K with quasi-inverse

pD,Nq ÞÑ VlpD,Nq :� KernpN : Bl bQl
D Ñ pBl bQl

Dqp�1qq.

One main ingredients of the proof is the observation that Bl is pQl,Hq-regular and the
Theorem 2.4.
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